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Abstract. We consider the hyperbolic geometric flow 4pg(i) = -2i?i'c g (,) introduced by 
Kong and Liu |KL|. When the Riemannian metric evolve, then so does its curvature. 
Using the techniques and ideas of S.Brendle |Br. BS |, we derive evolution equations for 
the Levi-Civita connection and the curvature tensors along the hyperbolic geometric flow. 
The method and results are computed and written in global tensor form, different from the 
local normal coordinate method in |DKL1 1. In addition, we further show that any solution 
to the hyperbolic geometric flow that develops a singularity in finite time has unbounded 
Ricci curvature. 



1. Introduction 

Geometric flows are important in many fields of mathematics and physics. A geometric 
flow is an evolution of a geometric structure under a differential equation related to a func- 
tional on a manifold, usually associated with some curvature. The most popular geometric 
flows in mathematics are the heat flow ([Jo|,|MR|, etc.), the Ricci flow ( HBLN1 . (Br], iPTol . 
etc.), the mean curvature flow (|Zh|) and the Yamabe flow ([Brl Brfl lChlllSSIIRel ). 

The subject of Hamilton's Ricci flow [Ha]:^g(f) = -2Ric g ^,) lies in the more general 
field of geometric flows, which in turn lies in the even more general field of geometric 
analysis. In Ricci flow we see the unity of geometry and analysis. As a fully nonlinear 
system of parabolic partial differential equations of second order ( UDel ). the Ricci flow in 
many respects appears to be very natural equation. 

Similarly, since the hyperbolic equation or system is one of the most natural models 
in the nature, we feel the hyperbolic geometric flow (for short, HGF):^yg(f) = —2Ric g (t) 
introduced by Kong and Liu |KL] in the year 2007, is also a very natural tool. Note that 
the elliptic and parabolic partial differential equations have been successfully applied to 
differential geometry and physics. A natural and important question is if we can apply the 
well-developed theory of hyperbolic differential equations to solve problems in differential 
geometry and theoretical physics. HGF is helpful to understand the wave character of 
the metrics, wave phenomenon of the curvatures, the evolution of manifolds and their 
structures (see HKLI IDKLT1 IKoH ). For more discussions for related hyperbolic flows and 
their applications to geometry and Einstein equations, we refer to CI . 

In geometry, singularity is more difficult to define, especially when the structure is 
governed by the hyperbolic system and the topology of the space is allowed to change. 
A good example is the singularity developed in general relativity. The major problem here 
is that one has very little understanding of the global behavior of nonlinear hyperbolic 
systems when the spatial dimension is greater than one. It is almost for sure that a break 
through will be accomplished in geometry if one knows this type of equation better (See 
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MSY1 ). HGF equation is quite difficult to solve in all generality unlike the nonlinear elliptic 
problems with a well developed regularity theory. Although the short time existence of 
solutions is guaranteed by hyperbolic nature of the equations, their (long time) convergence 
to canonical geometric structures is analyzed under various conditions. So far, providing 
results of this sort have been developed. Among them, one may find the related works in 
HDKL2llHellKLX!lKLWTi . 

The goal in this paper is to work out the evolution equations for Riemannian, Ricci and 
scalar curvature under the hyperbolic geometric flow. More precisely, we will concentrate 
in obtaining the global forms of the evolutions under HGF. As for the local forms of the 
evolutions, Dai-Kong-Liu |DKL1] have obtained the following results. 

To state our results, it will be convenient to assume that (M, g(t)), t e (0, T), is a family 
of complete Riemannian manifolds evolving under hyperbolic geometric flow. In addition, 
'Ric' and 'seal' denote the Ricci and scalar curvature of (M,g{t)), respectively. 

Theorem 1.1. Under the hyperbolic geometric flow ^pg(t)ij = —IRiCjj, the curvature 
tensors satisfy the evolution equations 

d 2 

-T^Rijki - ARijki + 2(Bjjki - Bijik - Bajk + BayO 

(1.1) -g Pq (Rp jkftiCqi + RipklRiCqj + R ijp lRic qk + RijkpRiCql) 

8pq \ dt dt dt dt >' 



g-^Ricik = ARicik + 2g pr g qs R piqk Ric rs - 2g pq Ric pi Ric qk 



(1.2) 



arf,ai* si* art 



dt dt 



_ " ft Ul ik \ 
dt dt > 



_ 2g jp g %^i.R m+ 2gjm l - 



,pq ' 



dt dt 



-Rijkl, 



— - Seal — A Seal + 2\Ric\' 
dt 1 



(1.3) 



8 8 8 dt dt ,Jkl 



dt dt ° 00 dt dt 

where [x l } is a local normal coordinates around a fixed point p e M, Bij k i — g pr g qs R p i q jR r ksi 
and A is the Laplacian with respect to the evolving metric g(t). 

Analogous results for the Einstein's hyperbolic geometric flow ( 12.31 l and the dissipative 
hyperbolic geometric flow (12.4b occur in ( HHel ) and ( IIDKL21 '). respectively. 

Motivated by the techniques and ideas concerning the Ricci flow in S. Brendle's paper 
llBrllBSI . we obtain the following main results with global forms under the HGF. 
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Theorem 1.2. Let X, Y,Z, W be fixed vector fields on M. Then under the HGF ( 12.71 ), we 

have 

d 2 

— R(X, Y, Z, W) = -Ric g(t) (R(X, Y)Z, W) + Ric g(t) (R(X, Y)W, Z) 

+ (D 2 xz Ric g(t) )(Y, W) - {D 2 xw Ric m ){Y,Z) 
(1-4) - (D 2 YZ Ric g(l) )(X, W) + (D 2 YW Ric m )(X, Z) 

+ 2^-((D x B)(Y,Z), W) - 2^-((D Y B)(.X,Z), W) 
at at 

- 2g(t)(B(X, B(Y, Z)), W) + 2g(t)(B(Y, B(X, Z)), W), 

where B(X, Y) := j t (D x Y). 

Theorem 1.3. LetX, Y, Z, W be arbitrary fields on M. Then under the hyperbolic geometric 
flow ( 12. it , the curvature tensors satisfy the evolution equations 

d 2 

—?R(X, Y, Z, W) = ( AR)(X, Y, Z, W) + Q(R)(X, Y, Z, W) 
at 1 

- Ric g(l) (X, R Z , W Y) + Ric g(l) (Y, R Z , W X) 
(1.5) + Ric m {Z,R XJ W) - Ric g(t) (W,R XJ Z) 

+ 2^{{D X E)(Y,Z), W) - 2^((D Y B)(X,Z), W) 
at at 

- 2g(t)(B(X, B( Y Z)), W) + 2g(t)(B(Y, B(X, Z)), W), 

where Q(R) '.— R 2 + R # is a curvature tensor satisfying the first Bianchi identity, and given 
a local orthonormal basis [e\, . . . , e n ], R 2 and R # are difined by 

R 2 (X,Y,Z,W):= 2 R(X,Y,e p ,e q )R(e p ,e q ,Z,W), 
( 1 ' 6) R#(X Y z W) : = 2 ' i I R(X ' 6p ' Z ' £q) R(X ' e "' W ' £q) I 



p,q=\ 



R(Y,e p ,Z,e q ) R(Y,e p ,W,e q ) I' 

Theorem 1.4. Let X, Y be arbitrary fields on M. Then under the hyperbolic geometric flow 
( 12.71 ), the Ricci curvature tensor Ric g ( t ) and scalar curvature scal g ( t ) satisfy the evolution 
equations, respectively 

d 2 " 

-^Ric g{l) (X, Y) = (ARic g(t) )(X, Y) + 2j] *i> Y, ef)Ric g (,M, ef) 

ij'=l 

(1-7) + 2 J {^((D x E){e u Y), a) - ^-{{D ei B){X, Y), a)) 



- 2 2 (g(WX, B(e h Y)), a) - g(t)(B(e i7 B(X, Y)), a)), 



d 2 



O 2 

— Scal g ( t ) = AScal g ^ + 2\Ric g (f)\ 



(1 8) + 2 £ (^((D e .B)( ei , ej), *,■)) - ^.((D et B)(e h ej), e t )) 

i'.;'=i 



- 2 J] (g(t)(B(e h B(e h ej)), e t ) - g(t)(B( ei , B(e h eff), el)), 
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where {e\, . . . , e„} is a local orthononnal basis of M, and | Ric | = 2 (^* c ( e i> */)) • 

Uj=i 

The structure of the paper is as follows. In Section 2 we state the related concepts such 
as HGF, Einstein HGF and present some examples of specific solutions to the HGF. In 
Section 3 we give evolution equations for the Levi-Civita connection and prove the main 
results in the introduction. In Section 4 we consider Ricci curvature blow-up at finite-times 
singularities. Section 5 presents some expected problems. 

2. Hyperbolic geometric flow 

Recall that Kong and Liu |KL] introduce a geometric flow — Hyperbolic geometric flow 
(HGF), which is difference from the Hamilton's Ricci flow, although these two flows share 
a common Ricci term -2Ric g (,). The definition of HGF is as follows. 

Definition 2.1. Let M be a manifold. The hyperbolic geometric flow is the evolution 

d 2 

(2.1) -^g(t) = -2Ric g(t) 

for a one-parameter family of Riemannian metrics g(t), t e [0, T) on M. We say that g(t) 
is a solution to the hyperbolic geometric flow if it satisfies ( 12.lt . 

Similar to the Ricci flow j t g(f) - -2Ric g ( t) , the HGF equation d2.1| i is a unnormalized 
evolution equation. In IKLL Kong and Liu also consider the normalized version of hyper- 
bolic geometric flow, which preserves the volume of the flow. Considering the HGF and 
the normalized HGF differ only by a change of scale in space M and a change of time t, 
the normalized HGF equation reads such form as 

d 2 d 

(2.2) —g(t) = -2Ric m + a(t)-g(t) + b(t)g(t), 

where a{t) and b(t) are certain functions of t. 

In order to further understand the relationship between the Einstein equation and the 
HGF, Kong and Liu also introduce a so-called Einstein's hyperbolic geometric flow. 

Definition 2.2. Let R x M be a space-time with the Lorentzian metric ds 2 = dt 2 + 
gij(x, t)dx'dx'. Suppose the Einstein equations in the vacuum, which correspond to the 
metric ds 2 , has the form 

(2.3, f^.^-^^^^ 

The equation (12.3b is called Einstein's hyperbolic geometric flow. 

Motivated by the well-developed theory of the dissipative hyperbolic equations, Dai- 
Kong-Liu |DKL2] introduce a new geometric analytical tool — dissipative hyperbolic geo- 
metric flow defined by 

(2 4) dfi 8(t)ii = ~ 2Rlc " + 28 — — ~ id + 28 — 

+ — y {8 — } + — — K 

where d is a positive constant. The reason that ( 12.4t is chosen as the equation form of 
dissipative hyperbolic geometric flow is that, in the case it possesses a simpler equation 
satisfied by the scalar curvature. 

In order to get a feel for the HGF ( 12. It , we present some examples of specific solutions 
(cf. IIKLIIDKLlllDKTafKLWlfHeTl ). 
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Example 2.3. (i)(Trivial example) If the initial metric is Ricci flat, so that Ricjj = 0, 
then clearly the metric does not change under (12. 1) . Hence any Ricci flat metric g{t) is a 
stationary solution to the hyperbolic geometric flow. This happens, for example, on the flat 
torus or on any K3-surface with a Calabi-Yau metric. 
(ii)(Non-trivial example) A typical example of the Einstein metric is 

dsl = — 1 -^dr 2 + rW + r 2 sin 2 6dtp 2 , 

1 - KT 

where k is a constant taking its value - 1 , or 1 . We can prove that the metric 

ds 2 — (-2/ff 2 + c\t + C2)ds$ 
is a solution to the HGF ( 12. Il l), where c\ and ci are two constants. 
Example 2.4. Consider the solution in conformal class with the following form 

(2.5) gi j(t,x)=p(t) gi j(0,x). 

Suppose that the initial metric g,y(0, x) is Einstein, that is, there exists some constant A such 
that 

RiCij(0, x) = Ag u (0, x), Vjc e M. 

Then (12.5b with pit) = -At 2 + vt + 1 and a real number v standing for the initial velocity, is 
a solution to the equation (12. U . 

Example 2.5. For the Einstein's hyperbolic geometric flow (12. 3) , its exact solution has the 
following form 

ds 2 = f(t,z)dz 2 + -^-((dx-fi(t,z)dyf + F\t,zW), 

where /, h and F are smooth functions with respect to variables. The jc-invariance and y- 
invariance show that the model possesses the z-axial symmetry. In order to guarantee that 
the metric gy is Riemannian, we assume F(t,z) > and h(t)/F(t,z) > 0. 

More interesting example comes from the Riemann surfaces with the initial asymptotic 
flat. 

Example 2.6. On a surface, the HGF equation ( 12. U can be simplified as the following 
equation for the special metric 

d 2 

(2.6) 'dfi 81 ^' X ' y > = ~ S Cal 8ii ^' X ' ■ y ' ) ' 
Because the Ricci curvature is given by 

RiCij(t, x, y) = cal(t, x, y) g u (t, x, y), 

where Seal = 2K is the scalar curvature function with the Gauss curvature K. Note that 
the metric for a surface can always be written (at least locally) as the following form 

gi j(t,x,y) = u(t,x,y)6ij, 

where u = u(t, x, y) > 0. Thus 

1 

Seal — — A log u. 
u 

This implies that ( |2.6t reads 

(2.7) m„ -AlogM = 0. 



6 



WEI-JUN LU 



Define / = log u, then ( 12.7b exchanges a quasilinear hyperbolic wave equation 

(2.8) /„ - e-i'hu = -/,. 

Consider the Cauchy problem for (12.8b with the following initial data 

(2.9) t = 0:f = sMx),f t = sMx) 
and satisfying the slow decay condition 

A ...... A 



(2.10) 1/oWI < TT-T-^, 1/lWI = . 

(1 + |jc|)* (1 + \x\) k+l 

where s > is a suitably small parameter, and fo(x), f\(x) e C°°(R 2 ); A, k are two suitable 
positive constants, k > 1 . Then there exist two positive constants S and sq such that for 
any fixed s e [0, sq], the Cauchy problem (12.81 ) ~ ( 12.10b has a unique C°° solution on the 
interval [0, T s ] with T s = (5e 4/3 (for detail, see ifKLWl ). 

3. Evolution of the curvature tensors and proofs of mafn results 

In this section, we derive evolution equations with global forms for the Levi-Cicvita 
connection and the curvature tensors along the HGF. We employ the techniques and ideas 
in studying evolution equations along the Ricci flow by S.Brendle (See itBrl or [BS |). 

From now on, we assume that (M,g(t)), t € (0, T), is a family of complete Riemannian 
manifolds evolving under HGF. 

3.1. Evolution of the Levi-Civita connection. Let X, Y be fixed vector fields on M (that 
is, X, Y are independent of t). We define 

A(X, Y) := ^(DxY), B(X, Y) := j f (D x Y). 

Observe that the difference of two connections is always a tensor, consequently, A, B are 
tensors. 

Proposition 3.1. Let X,Y,Z be fixed vector fields on M. Then 

g(t)(A(X, Y),Z) = -(D x Ric m )(Y,Z) - (D Y Ric m )(X,Z) 

(3.1) ds(f) 

+ (D z Ric g{t) )(X, Y) - 2-^-(B(X, Y),Z). 

Proof. For g(t)(D x Y, Z), we differentiate it twice with respect to t. This yields 

dhit) YZ) + 2 dg(t) < 
aa-w— — (DxYZ) + 2— 

Since the Levi-Civita connection satisfies 

2g(t)(D x Y,Z) = X(g(t)(Y,Z)) + Y(g(t)(Z,X)) - Z(g(t)(X, Y)) 

- g(t)(X, [Y, Z]) + g(t)(Y, [Z, X]) + g(t)(Z, [X, Y]), 

(13.2b can be rewritten in form 

g(t)(A(X,nZ)^X(^^-(YZ)) + Y(^^-(Z,X)) 

1 d 2 g(t) 1 d 2 g(t) 

-^-^(X,Y))---^(X,[Y,Z]) 

2 dt 2 2 dt 2 

d 2 s(f) ds(t) 



(3.2) —(g(t)(D x Y, Z)) = ~^r(D x Y Z) + 2^(B(X, Y), Z) + g(t)(A(X, Y), Z). 
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By definition of the HGF, we have 

g(t)(A(X, Y),Z) = -X(Ric(Y,Z)) - Y(Ric(Z,X)) + Z(Ric(X, Y)) 
(3 3) + Ric(X, [Y Z]) - Ric(Y [Z, X]) - RiciZ, [X, YJ) 

+ 2Ric(D x Y, Z) - 2^^-(B(X, Y), Z). 
ot 

Note the A is a tensor, we conclude that 

g(t)(A(X, Y),Z) = -(D x Ric(Y,Z) - (D Y Ric)(Z,X) 

(3.4) dg(f) 

+ (D z Ric)(X, Y) - 2^(B(X, Y),Z), 
ot 

as claimed. 



3.2. Proof of main result 1: Theorem 11.21 Now we return to compute the evolution 
equation for the curvature tensor. For convenience we need the second order covariant 
derivative D\ y Z defined by 

D\ Y Z := D X D Y Z - D DxY Z, 

from which we have 

R(X, Y)Z := D X D Y Z - D Y D X Z - D [XJ] Z = D 2 XY Z - D 2 YX Z. 



Proof of Theorem u .21 The second derivative of R(X, Y)Z yields 

(3.5) " ^ DADxZ) ~ 4 D 4t D * Z) - D ^ D * Z) - o%°^ Z 

= A(X, D Y Z) + 2B(X, B(Y, Z)) + D X A(Y, Z) - A(Y, D X Z) 

- 2B(Y, B(X, Z)) - D Y A(X, Z) - A(D X Y - D Y X, Z) 

= (D X A)(Y Z) - (D Y A)(X, Z) + 2B(X, B(Y, Z)) - 2B(Y, B(X, Z)). 



This implies 



(3.6) 



^R(X,YZ,W) 

d 2 

= ^(g(t)(-R(X, Y)Z, W) 

d 2 s(f) d 2 
= —^(R(X, Y)Z, W) - g{t){—R{X, Y)Z, W) 

= 2Ric m (R(X, Y)Z, W) - g(t)((D x A)(Y, Z\ W) + g{t){{D Y A)(X, Z\ W) 
- 2g(t)(B(X, B(Y, Z)), W) + 2g(t)(B(Y, B(X, Z)), W). 
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Applying Proposition l3.ll we obtain 
g (t)((D x A)(Y,Z),W) 

= X(g(i)(A(Y, Z), W)) - g(t)(A(Y, Z), D X W) 

- g(t)(A(D x Y, Z), W) - g(t)(A(Y, D X Z), W) 

= X( - (D Y Ric m )(Z, W) - (D z Ric m )(Y, W) + (D w Ric g(l) )(Y,Z) 
- 2^-(B(Y, Z), W)) + (D Y Ric g(t) )(Z, D X W) + (D z Ric g(i) )(Y, D X W) 

(3 ' ?) - (D DxW Ric g{r) )(Y, Z) + 2^-(B(Y, Z), D X W) 
+ (D DxY Ric g{r) )(Z, W) + (D z Ric gW )(D x Y, W) 

- (D w Ric g(t) )(D x Y,Z) + 2^(B(D X Y,Z), W) 
+ (D Y Ric g{t) )(D x Z, W) + {D DxZ Ric m )(Y, W) 

- (D w Ric g(t) )(Y, D X Z) + 2^-{B{Y, D X Z), W) 

= -(D x D Y Ric g(t) - D DxY Ric g(l) )(Z, W) - (D x D z Ric g{l) - D DxZ Ric g(l) )(Y, W) 

+ (D x D w Ric g(l) - D DxW Ric g(l) )(Y,Z) - 2^-((D x B)(Y,Z), W) 

= -{D\ Y Ric m ){Z, W) - (D 2 xz Ric g(l) )(Y, W) 

+ (D 2 xw Ric g(l) )(XZ) - 2^-((D x B)(Y,Z), W). 
Interchanging the roles of X and Y yields 
8 (t)((D Y A)(X,Z), W) 

(3 8) = -(D 2 YX Ric git) )(Z, W) - (D 2 YZ Ric g(t) )(X, W) 

,2 D ,„ J8(t), 



Moreover, we have 



+ (D z YW Ric g(t) )(X,Z) - 2^((D Y B)(X,Z), W). 



(D 2 XJ Ric g(t) )(Z, W) - (D 2 YX Ric g(t) )(Z, W) 



(3.9) 



= ((D 2 XJ - D\ x )Ric m ){Z, W) 
= (R(X, Y)Ric m )(Z, W) 
= Ric g{t) (R(X, Y)Z, W) + Ric g(t) (R(X, Y)W,Z). 
Substituting (O with (O, (O and ([33, we get 

d 2 

— 2 R{X,Y,Z,W) 



(3.10) 



= -Ric g(t) (R(X, Y)Z, W) + Ric g(t) (R(X, Y)W, Z) 
+ (D 2 xz Ric g(l) )(Y, W) - (D 2 x w Ric g(1) )(Y,Z) 

- (D 2 YZ Ric git) )(X, W) + (D 2 YW Ric g(t) )(X,Z) 

+ 2-^-((D x B)(Y,Z), W) - 2^-((D Y B)(X,Z), W) 
ot ot 

- 2g(t)(B(X, B(Y, Z)), W) + 2g(t)(B(Y, B(X, Z)), W), 



as claimed. 
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3.3. Proof of main result 2: Theorem 1 1.31 We will show that the right-hand side in the 
equation ( 13.10b for the curvature tensor equals the Laplacian of the curvature tensor, up 
to lower order terms. To this end, we first give the following lemma (See (Br)) which is 
independent of any evolution. 

Lemma 3.2. Let X, Y, Z, W be arbitrary fields on M. Then 

{D\ z Ric m )(Y, W) - (D 2 xw Ric g(t) )(Y,Z) 
(3.11) - (D 2 YZ Ric g(t) )(X, W) + (D 2 YW Ric g(t) )(X, Z) 

= (AR)(X, Y, Z, W) + Q(R)(X, Y, Z, W) - Ric g(l) (X, R Z , W Y) + Ric g& (Y, R Z , W X), 

where Q(R) :— R 2 + R # is a curvature tensor satisfying the first Bianchi identity, and given 



a local orthonormal basis {e\, . . . ,e n ], R 2 and R* are difined by ( 17.61 ) in Theorem \1.3\ 
Proof. For the orthonormal basis [e\, . . . , e„], it is easy to show that 



(D 2 xz Ric m )(Y, W) = Y,(Dl z R)(e k , Y e k , W), 

(3.12) A ;/ 

(D 2 xw Ric g(t) )(Y,Z) = YSD 2 xw R)(e k ,Y,e k ,Z). 



k=\ 

Using the second Bianchi identity, by a direct computation we obtain 

(3.13) {D 2 xz R){e k , Y,e k , W) - (D 2 x w R)(e k , Y e k ,Z) = (D 2 Xe R)(e k , Y,Z, W). 
Thus we have 

n 

(3.14) {D 2 xz Ric m ){Y, W) - (D 2 xw Ric g(l) )(X Z) = ^(D^flXe*, Y, Z, W), 

k=\ 

and 

n 

(3.15) (D 2 YZ Ric g(t) )(X, W) - (D 2 YW Ric g(t) )(X, Z) = ^(D 2 Fe fl)fe, X, Z, W). 

k=l 

Therefore, (EH) and (EH) yield 

/ := (D 2 xz Ric git) )(Y W) - (D 2 xw Ric g(l) )(Y,Z) 
- (D 2 YZ Ric git) )(X, W) + (D 2 YW Ric g{t) )(X,Z) 

(3.16) 

= J] (D% e R)(e k , Y, Z, W) - {D\ e R){e h X, Z, W)). 

k=l 

Now we consider to put Q(R) into ( 13.16b . Note that 

n 
k=l 

(3 17^ - 

= 2] (R( x > e k, e k , ei)R{e u Y Z W) + R(X, e k , Y, e,)R(e k , e u Z W) 

k,l=l 

+ R(X, e k , Z, e,)R{e k , Y, e h W) + R(X, e k , W, e,)R(e k , Y Z e,)) 
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and 



(3.18) 



we have 



(3.19) 



Yj{D\ ek R - D] kJ R){e k , X, Z, W) 

k=l 

n 

= (R(Y> e k, e k , ei)R{e u X, Z, W) + R(Y, e k , X, e,)R(e k , e u Z, W) 

k,l=l 

+ R(Y, e k , Z, ei)R(e k , X, e u W) + R(Y, e k , W, e,)R(e k , X, Z, eff), 

n 

2 {(Dl e R - D] k X R){e k , Y, Z, W) - (D 2 Ye R - D 2 etY R){e k ,X, Z, W)) 

k =\ 

= ^ (Ric(X, ei)R(ei, Y, Z, W) - Ric(Y, e,)R(e h X, Z, W)) 
j=i 

n 

+ Yj ( r ( x > e k, Y, e,) - R(Y, e k , X, e t ))R{e k , e u Z, W) 

k,l=l 
n 

+ 2 J] (R(X, e k , Z, ei)R{e k , Y, e h W) - R(X, e k , W, e t )R(Y, e k , Z, e,)) 
k ,i=\ 

By definitions of R 2 and R # , together with the first Bianchi identity 
R{X, e k , Y, ei) - R{Y, e k , X, e t ) = R{X, Y, e k , «,), 
( 13.19b can be reduced as 

n 

Z ( (D X^ R ~ D l.X R X ek > Y > Z ' ^ ~ Wlefi ~ D l,Y R ^ X Z WO) 

(3.20) £=] 

= -Ric(X, R ZW Y) + Ric(Y, R Z , W X) + (R 2 + R # )(X, Y, Z, W). 

Hence, from ( 13.16b and ( 13.20b we have 

n 

I = Q(R)(X, Y, Z,W) + Yj {D 2 ek , x R)(ek, Y, Z W) - (D 2 tJ R)(e k , X, Z, W)) 

(3.21) k=] 

- Ric(X,R ZiW Y) + Ric(Y, R Z , W X). 
Next we consider to put AR into ( 13.20b . Similar to ( 13.13b . we have 

n n 

^(Dl^RXX, Y Z,W) = Yj <SP 2 ekX R)(e k , Y, Z, W) - (D 2 tY R)(e k , X, Z, W)). 
k =i k =\ 

Moreover, we know 



AR 



= YD 2 ee R. 

/ i e k, e k 



k=\ 



Putting these facts together, d3.21b arrives at the desired equation. 
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II 



Proof of Theorem ]! .3\ By Theorem 1 1.21 and Lemma I3T21 we obtain the following wave- 
character equation for curvature tensor 

d 2 

-rrR(X, Y, Z, W) = (AR)(X, Y, Z, W) + Q(R)(X, Y, Z, W) 
ot z 

- Ric g(l) (X, R Z , W Y) + Ric g(t) {Y R z ,wX) 
(3.22) + Ric g(l) (Z, R X jW) - Ric g(t) (W, R X jZ) 

+ 2^((D X B)(YZ), W) - 2^((D Y B)(X,Z), W) 
at at 

- 2g(t)(B(X, B(Y, Z)), W) + 2g(t)(B(Y B(X, Z)), W). 



3.4. Proof of main result 3: Theorem 11.41 Notice that the hyperbolic geometric flow 
is an evolution equation on the metric gtj(t). The evolution for the metric is not only 
implies a nonlinear wave equation for the Riemannian curvature tensor, but also for the 
Ricci curvature tensor and the scalar curvature. This result (i.e.Theorems ll.4l i is stated in 
the introduction. Now we give its proof. 



Proof of Theorem u A\ Similar to ( 13.12b . we have 

n 

(ARic m )(X, Y) = (^(Dl^RicMX, Y) 

7=1 

n 

(3.23) = YjiD^RKX^^Yed 



Yj,hR){X,euY,ei). 



By definition of Q(R), we have 



(3.24) 



J] Q(R)(X, e u Y ed = J] ( R &' e >' e J> e ^ R(Y > e >' e J> ^ 

i=l i.j,k=l 

+ 2R(X, e h Y, e k )R(ei, e j, e,-, e k ) 
-2/?(e i ,e / ,y,e it )/?(Z,e J ,e i ,e Jt )). 



Using the first Bianchi identity, we obtain 

- 2 J] R{e u ej,Y, e k )R(X, e h e h e k ) 

ij,k=i 

= - 2 R ( X > e h e i> e k )(R(Y, e k , e t , ej, ) - R(Y e h e k , e j)) 

U,k=l 

= - J] R(Xej,ei,e k )R(Y,ej,e h e k ) 
ij,k=i 

= - J] RiX^^ej^kWiYe^e^e^. 

U,k=i 



(3.26) 
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Hence ( 13.24b can be reduced as 

n 

^ Q(R)(X, e it Y, ed = 2 £ £ «*)«(«.■, «*) 

(3.25) 1=1 "'* =1 

= 2 ^ /?(X, e y, Y, e k )Ric m {e j, e k ). 
j,k=\ 

Moreover, we have 

n 

2^[-Ric g (t)(X,R Y , ei ei) + Ric g (t)(ei,RY, ei X) 
+ Ric g (t)(Y, Rx, e ,ed - Ric g(t) (ei, R x , e , Y)] 

= ^ [-^(^ e,-, e u e j)Ric g(t) (X, e j) + R(Y, e,, X, e j)RiCg(fi(e h e j) 

''.7=1 

+ R(X, e h e u e j)Ric g(r) (Y, e j) - R(X, e„ Y, e j)Ric m {ei, e ■)] 

n 

= 2^ {Ric g {t)(Y,ej)RiCg(f)(X,ej) - Ric g{t) (X,ej)Ric g{t) (Y,ej)] 

',7=1 

= 0. 



Using TheoremO or by (l3~22l , together with d3~23l . (l3~25l ) and d3~26l we get 

^Ric g(t) (.X,Y) = f j ^R(X,e i ,Y,e i ) 

1=1 

= (A^/c ?w )(X, F) + 2 J] e 7 , F, e k )RiCg(t){ej, e k ) 
j,k=\ 

(3.27) „ 

+ 2 2 [^.((D x BXe u Y), ed) - d J^{(D ei B)(X, Y), e,)] 

i=l 
n 

- 2 Y}g(t){B(X, Bia, Y)), e t ) - g(t)(B(e i7 B(X, Y)), «,)], 

!=1 

as the first claimed equality ( 11. 7t . 

As for the second assertion ( 11.8) , note that 

d 2 " d 2 

-^S cal m = Yj -Qji Ric g(tM> e i), 

['= 1 

/; 

2^(ARic g( ,))(ei, ei) = Ascal g(f) , 

i=\ 

2^ R(ei, e j, e u e k )Ric g(t) (e j, e k ) = ^ Ric g(t) (e j, e k )Ric g(t) (e j, e k ) = \Ric g(t) \ 2 

i,j,k=\ j,k=\ 
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it follows from (13.27b that 

d 2 

-^Scal m = AScal g(t) + 2\Ric g{t )\ 



+ 2 Yj[^-((D ej B)( ei , ej), ed) - ^((D e! B)(ej, ej), e,)] 



2 2 [g(t)(B(ej, B(e,, ej)), e,) - g{t)(B(e h B(ej, ej)), «,)], 



as claimed. 



4. Curvature blow-up at finite-time singularities 

In this section, we consider a maximal solution to the hyperbolic geometric flow which 
is defined on a finite interval [0, T). Similar to the result in Hamilton's paper ([Ha|, Theo- 
rem 14.1), we show that such a solution must have unbounded curvature. The proof is due 
to C. Udriste's approach (See [Ud|, Theorem 6.1). 

Theorem 4.1. Let M be a compact manifold, and let g(t), t e [0, T), be a maximal solution 
to the HGF ( 12.71 ) on M. Moreover, suppose that T < oo. Then 

limsup(sup \Ric g (f)\) = oo. 
«->r m 

Proof. We argue by contradiction. Assuming the Ricci tensor of g(t) is uniformly bounded 
for all t € [0, T), that is, there is a positive constant m such that ^icgf,^ < m, t € [0, T). So 
the solution g(t) can be extended to a larger time interval [0, T + s), where s is a arbitrary 
small number. Indeed, by ( 12. U . we have the relations 

^.(t) = %0)-2 f Ric(s,x)ds, 
at dt Jo 

g(t) = g(0) + (^(0)-2 f f Ric(s, x)dsdu, t e [0, T), 
dt Jo Jo 

which imply 

g(ti)-g(t 2 ) = (h-t 2 )^(0)-2 J 2 j^ Ric(s,x)dsdu, f!,f 2 e[0,r). 



Hence we obtain 



\g(h) - g(t 2 )\ = ( I -£(0) | +2mT)\h - 1 2 \. 
ot 



The Cauchy Criterion shows that lim r ^rg(f) exists, while hm f ^7- ^(f) and lim,^7- |jr(f) 
exist since lim,^7- Ric(t, x) exists (See Definition ^, lb . Consequently, g(t), t e [0, T] is the 
solution to a HGF. 

In this case, g(t) may be extended from being a smooth solution on [0, T) to a smooth 
solution on [0, T]. Then we take g(T), ^§{T) to be an initial metric in a short-time existence 
theorem in order to extend the solution to a HGF for t e [0, T + s). This contradicts the 
assumption that [0, T) is a maximal time interval. Therefore, we complete the proof. □ 
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5. Expected problems 

To conclude this paper, we present some expected problems. Now we have the global 
forms of evolution equations ( ll.4t , ( 11.5b . (II. 1\ and (11.8b along the HGF ( 12.11 ). so in the 
future we are interested in the following problems: 

1. For fixed (p, t) e M x [0, T], we denote by K m - d x( P ,t) I K m [ n (p, t) the maximum /mini- 
mum sectional curvature of g(t) at the point p. Moreover, for abbreviation, we define 

^max(0 = sup# max (p,f), K min (t) = inf K min (p,t). 

peM P eM 

Let {tk} be a sequence of times such that lim tk — T and K lmx (tk) > \ sup K, mx (t) for all 

k-tcc 

k. Then by Theorem l4.ll does the following relation hold 

,. K min (t k ) 
hmsup < 1, or 

lim ^« =17 

t^T K max (t) 



t€[0,t k ] 



2. (Preserved curvature conditions by the HGF) We know that if we want to study the 
global properties of HGF, then it is important to find curvature conditions that are pre- 
served under the evolution. How to develop such techniques? For instance, suppose M 
is compact manifold, and let g(f), t e [0, T), be a solution to HGF on M, and consider a 
appropriate ODE(*) jjrR(t) = Q(R(tJ) + (certain term). Can we claim that nonnegative 
isometric curvature ( [Br |) is preserved by the ODE(*)? 
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